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A simplified model of the nanostructured polymeric surface was proposed, character-
ized by a one-dimensional periodic stripe patterned surface with alternate planar and
homeotropic anchoring. We investigate the effect of both the coupling of nematic lig-
uid crystals with alignment layer polymers and the coupling of the polymers with the
substrate surface on the anchoring of nematic liquid crystals at such a surface using
the extended anisotropic surface energy form proposed by Alexe-lonescu et al. In our
theoretical treatment, we assume the equal anchoring strength of the two anchoring
regions. Our results show that the coupling of the polymer with the surface will affect
the director field of the nematic, and reduce the relaxation distance as well as the total
free energy of the system.

Keywords Director distribution; nanostructured surface; pretilt angle; surface
anchoring

Introduction

In liquid crystals (LCs), surface effects have been studied mainly for the nematic phase
[1]. The translational symmetry and often the rotational symmetry of the nematic phase
are broken when it encounters an interface [2]. In the absence of an external electric or
magnetic field (field free condition), the alignment of nematic liquid crystals (NLCs) is
entirely dictated by the surface forces, which depends on the presence of surface layers
[3]. In the special case where the surface layer is an ordered medium particular effects
are expected, because in addition to the physicochemical interactions, the steric interaction
also has to be taken into account [4-6]. If the surface layer is polymeric film, the LC
molecules are aligned by the sterical interactions between the polymer molecules with the
LC molecules [7].

Recently, the nanostructured polymeric layers proposed by Hoi-Sing Kwok et al. seem
very promising for application in display technology because they allow a continuous
control of the pretilt angle of NLCs [8-10]. The basic idea of the new alignment layer is
to form a random distribution of nanosize domains of homogeneous and vertical alignment
materials that impart either vertical (V) or horizontal (H) alignment to the LC molecules.
Provided that these domains are small, the LC molecules will relax to a uniform pretilt angle
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at a short distance above the alignment layer, and this distance is defined as the relaxation
distance. It has been shown that such surfaces can have excellent anchoring energies as well
as good thermal stability. With the availability of large pretilt angles, many fast response
and bistable structures become possible [10,11].

Hoi-Sing Kwok et al. have calculated the director field of an NLC with a one-
dimensional (1D) inhomogeneous nanostructured polymeric surface model numerically
[9,10], based on the commonly used phenomenological surface anchoring form proposed
by Rapini-Papoular (RP) [12]. Their results show that the final pretilt angle depends on the
area ratio of the V and H domains, the relative anchoring strengths of the domains as well
as the elastic constants of the LC. In addition, the relaxation distance is determined by the
size of nanodomains.

Alexe-Ionescu et al. [ 13] have investigated the anchoring of a polymeric layer consisting
of mixed H (mesogenic side groups) and V (aliphatic chains) alignment materials for an
NLC sample with homogeneous substrate. They have assumed an extended expression of
the anisotropic surface energy for this special surface by considering both the coupling of
nematic with alignment layer polymers and the coupling of the polymers with the surface.
Their results show that the equivalent anchoring energy can be controlled by controlling the
anchoring strength of H and V alignment materials. However, their homogeneous surface is
different from the nanostructured model of Hoi-Sing Kwok et al., moreover, their method
of polymers blends and co-polymers (mixing H and V alignment materials together) as the
alignment layer cannot realize the continuous control of the pretilt angle experimentally.

Nematic samples in contact with 1D periodic patterned surfaces with alternate planar
and homeotropic stripes, which are similar to the 1D nanostructured model of Hoi-Sing
Kwok et al. [9,10], have received much theoretical [14-16] and experimental attention
[17,18]. Atherton et al. [14] have investigated the orientational transition in an NLC with
such a surface, in order to get the analytic solutions of the director distribution, they have
proposed a Fourier series solution of the director field and assumed the equal anchoring
strength of the two regions. Their theoretical results can explain the numerical results of
Hoi-Sing Kwok et al. [9,10] in a sense of the RP description of the surface anchoring. How-
ever, neither Atherton’s nor Hoi-Sing Kwok’s study have taken into account the coupling
of the polymer with the surface.

In this paper, extending the work of Atherton et al. [14], we investigate the anchoring
of an NLC with nanostructured polymeric layers. In our theoretical treatment, we adopt the
similar assumption as that used by Atherton et al., i.e., the anchoring strength of the two
regions are equal to get the analytic solutions of the director distribution. Then, we analyze
the effect of the coupling of the polymer with the surface on NLCs.

Model

Considering a nanostructured surface consisting of regular V and H alignment domains
with a common preferred azimuthal direction ¢, we set up a simplified model of this
nanostructured surface characterized by a periodic stripe pattern of period A along the
x-axis, with V domain width aA (0 < a < 1) (see Fig. 1). We choose the z-axis normal
to the surface and the y-axis along the stripes. The anchoring on the stripe 0 < x < aA
is homeotropic, whereas the anchoring on the stripe aX < x < A is homogeneous planar
along the x direction. Due to the translational invariance in the y direction, the director 7
depends only on x and z. Moreover, we assume that the director is confined to the x — z
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Figure 1. Schematic picture of the model. A periodically patterned surface with period A. The V

domain width a (thin line), and H domain width (1 — a)A (thick line). The director 7 is confined to
the x — z plane.

plane (assuming the azimuthal ¢ alignment to be //x), thus, 7 can be written as
n = (cos@,0,sinb), (1)

where 0 = 0(x, z).

The final configuration of the namatic is that which minimizes the total free energy
including bulk and surface contributions. The bulk energy density is the well-known Frank
elastic energy

f,,:%[Kl(v.ﬁ)2+1(2(ﬁ.vxﬁ)2+1<3(ﬁxVxﬁ)z], )
where K1, K, K3 are the elastic constants associated with splay, twist, and bend distortions,
respectively. The surface-like term K; = K, + K»4 is omitted here as it does not contribute
to the free energy if the director is confined to a single plane. Another surface-like term
involving K3 is not considered here [19].
The extended anisotropic surface energy density of samples with polymer layers is
given by

1 1
fin = oH sin(0° — 6,)* + E,BH sin(6, — 6,)° (3a)
for the H domains, and
1 . 2 1 . 2
fsv = Eav sin(0° — 0,)" + Q’BV sin(0, — 6,) (3b)

for the V domains, where 6, and 6, are the direction and easy direction of the polymeric
alignment materials, respectively, and 6° is the orientation of the director at the surface.
The parameters By, By are connected with the restoring torque of elastic origin acting on
the H and V alignment materials, respectively. The parameters ay, oy take into account
the tendency of the nematic molecules to be parallel, for steric reasons, to the H and V
alignment materials, respectively.
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To evaluate the free energy, both coordinates are scaled by the period of the nan-
odomains A, i.e., X = %, 7= i For most nematics K, < K| < K3 [20,21] we, therefore,
make the simplification that K; = K3 = K. Thus, the bulk free energy density is

1
/K = 5[(9,2)2 + (02)%1/2%, )

where 0 ; = 060 /0X, 0 = 06/9Z. The Euler-Lagrange equation is

Oz +0:: =0, (5)
which has a Fourier series solution that is regular as z — oo

O0(X,2) =6y+2 Z exp (—2nw?) [p, sin QnmX) + g, cos 2nwX)] . (6)

n=I

The coefficients 6y, p,, and g, are to be determined from the total elastic energy
minimization, and 6 is the final pretilt angle. Substituting Eq. (6) into (4) and integrating
over X and Z yields the bulk free energy per period

(o]

Fy/k=2m n(ps+aq;). (7)

n=1

In the case (9° — 6,) and (6, — 0,) are very small, where Egs. (3a) and (3b) can be
linearized, thus, the surface energy per period is

) ) ) A ) el .
FS/Kz/O [ZLW [6°® ~ 6, + 57— [6) (x)—ée(x)f] dx

BV

o ) ) N ~ ~ ~
+ /{; [ZLQH [6° (%) — 6, (x)]2 + T [6, &) — 6. (x)]z} i ®

where Lov = K/ay, Lgy = K/Bv, Loy = K/opu, Lgy = K /Bu, which have the dimen-
sion of length and can be defined as the generalized extrapolation lengths for the two
domains.

Results

According to the nanostructured surface model above (see Fig. 1), we have

z0§)~c<a
9e(5c):96(5c+L)={2 )

0 a<i<l
with L being an arbitrary integer. The periodic function 6, (x) can be approximately written

as Fourier series form, that is

8, (%) T ) i |:sin2 (nma) . (Qnri) + sin 2nma) @ ~)] (10)
L (X)) = —a ————sin(2nwX) + ————= cos 2nwX) |.
2 " 2n 4n
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As 0, and 0 are also periodic functions along x direction, we can assume

oo

0 (¥) =00 +2 [ pusin 2nm¥) + gicos (2nm )], an

n=1

60 (%) =0(%,0)=0)+2  [p,sin(2n7X) + g, cos 2nx)]. (12)

n=1

Substituting Eqs. (10)—(12) into Eq. (8) and integrating, and then combined with the
bulk free energy given by Eq. (7), we can get the expression of the total free energy per
period F (6o, 6, Pns qn. Py, qpsn = 1,2,3..).

The coefficients 6y, 6, g, p» and p;, g, have to minimize the function F, that is,
gTFU = g—g,) =0, gpF = g: = ng = STF, = 0. These relations constitute a system of linear
inhomogeneous equations, which can be written as Matrix-vector form

AX = B, (13)

where the matrix A and vectors X, B are expressed as

Ay Ay o Atam—1 Atam  Atams1 Alame
Az Ay oo Adamor Azam Adamyr Az amso

A= A4n—1,1 A4n—1,2 o A4n—1,4m—1 A4n—l,4m A4n—l,4m+l A4n—1,4m+2 e
Am Aump o Asnam—1 Asnam  Asndm+1  Adndmo

Agni11 Adng12 - A 1,4m—1 Adni1,4m Adns1,4m1 Adng1,4me2 -
Agni21 Aans22 + Adnt2.4m—1 Adn2.4m Adni2,4m+1 Adn24m+2 -

(om=1,2,...).(14)
X = [Xl Xy oo Xam—1 Xam Xamy1 Xamgo ]T m=1,2,..), (15)
B =

T
[Bi By -+ Ban—i Bay Baps1 Banyo -] (n=1,2,..). (16)

Each matrix element of A, X, and B is given in Appendix A.

The expressions given in Appendix A show that the coefficients 6y, 6, g», p, and
Py, q, are determined by the parameters a and Loy, Lgu, Lav, Lgv (@u, Bu, av, By).
Equation (6) gives that the final pretilt angle is 6, meaning that besides the area ratio of
V and H domains, and the coupling of the nematic with the polymer (a, oy, ay), which
have been verified theoretically and experimentally by Hoi-Sing Kwok et al. [8-10], the
coupling of the polymer with the surface (8y, By) also has important contribution to the
final pretilt angle. We should notice that the effect of the relative elastic constants does not
exist here, that is because we have assumed K; = K3 = K.

In order to analyze the effect of the polymer anchoring further, following the treatment
method of Atherton et al. [14], we assume Loy = Lov = Ly, Lgy = Lgy = Lg, i.e.,
oy = ay = o, By = By = B, and then the mathematical structure given by Eq. (13) can
be simplified, the details are given in Appendix B. Equations (B7-B9) give the analytical
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expression of each coefficient

, Tma
b = 6 = R (17)
1 sin? (nma)
Pn = , (18)
1+2nmwL,/A 2n
1 sin(2nma)
qn = y (19)

1+2nwL,/A 4n

,  14+2nmLy/A sin? (na)
Pn= s (20)
14+ 2nmw L,/ 2n

,  14+2nmLy/Asin(2nma)
Gn = , (21
14+ 2n7L./A 4n

where we have put L, = Lo+ Lg, defining L, = K /w, and combining it with the definition
of Ly and Lg, ie., Ly = K/a, Lg = K/, we can easily get
L1 + ! 22)
w, « B’

Comparing Egs. (18)—(19) with the results given by Atherton et al. [14], i.e.

1 sin? (nma)
Pn = ; (23)
1+ 2nmwLy/A 2n
1 sin 2nma)
Gn ; (24)

T 1+ 2nwLly/n  4n

we find that, in the consideration of the coupling of the polymer with the surface, we get an
equivalent anchoring energy [see Eq. (22)], which is consistent with that of Alexe-lonescu
etal. [13].

Substituting Eqs. (18)—(19) into Eq. (6), we get

o0
0(x,2)= jT?a + ZZexp(—ZnnZ)

n=1

1+2nmwL,/A

) 1
x [wsin(%ni)—f- wﬂm (2nm”c)] 25)
n

Equation (25) shows that the coupling of the polymer with the surface affects the tilt
angle distribution of the nematic director.
In addition, Eqgs. (18)—(21) give the total free energy per period

>, sin? (n7a) 1
F =K : 26
K ) 2 1+ 2nnL, /A (26)

n=1

and the associated total free energy density

F/a X i sin? (nma) 1 27
=TT .
~ 2n A+2nmL,
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Figure 2. Tilt angle of the nematic director at a certain distance of z as a function of x. We show our
present result and that reported in Ref. [14]. (a) z = 0; (b) z = 0.2A.

Equations (25) and (27) may be used to evaluate the tilt angle of the nematic director
and the total free energy density of the system, respectively.

To see the effect of the coupling of the polymer with the surface clearly, we now discuss
our result in comparison with that of Atherton et al. [14] by using numerical calculations,
with the parameters as follows K = 1.2 x 107""N, A = 0.1um, and a = 0.5.

We plot the x dependence of the tilt angle 6 at a certain distance of z for various 8/«
with @ = 107*Jm~2 in Fig. 2, which shows our present result and that reported in Ref.
[14]. It is clear that the coupling of the polymer with the surface affects the tilt angle of
the nematic director. As the anchoring parameter 8 increasing, our result tends to that of
Atherton et al. [14], which is reasonable. In addition, from Fig. 2, we can conclude that the
coupling of the polymer with the surface will reduce the relaxation distance.

The total free energy density of the system F /A is plotted in Fig. 3 as a function of «
for several values of 8. We find that the coupling of the polymer with the surface reduces

120 T T T T T T T T

100

[} =3
[=] (=]

Fiz. (10°% Jm )

'y
(=]

20
p=1x1 04Jm?

2,

1 1 1 L 1 1 L 1
85 i 1.5 2 2.5 3 3.5 4 4.5 5
« (107 Jm?)

Figure 3. The o dependence of the total free energy density F'/A for various 8. We show the present
theoretical result and that reported in Ref. [14].
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the total free energy of the system. As the anchoring parameter 8 increasing, our result
tends to that of Atherton et al. [14].

Conclusions

In this work, extending the work of Atherton et al., we have set up a simplified model of the
nanostructured polymeric surface, characterized by a 1D periodic stripe patterned surface
with alternate planar and homeotropic anchoring, and investigated the effect of both the
coupling of nematic with alignment layer polymers and the coupling of the polymers with
the substrate surface on the anchoring of an NLC at such a surface. Our results confirm the
results reported by Hoi-Sing Kwok et al. [8—10]. By assuming the equal anchoring strength
of the two regions and comparing with the results of Atherton et al. [14], we get the same
equivalent anchoring energy w, [Eq. (22)] to that reported by Alexe-Ionescu et al. [13]. In
addition, we find that the coupling of the polymer with the surface will affect the director
field of the nematic, and reduce the relaxation distance as well as the total free energy of
the system.
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Appendix A: The Expression of Each Matrix Element
From the calculated total free energy F (90, 00s Pn> Gn> Dy qyn =1,2,3-- ) and the rela-

. aF _ 9F _ o 9F _ OF _ 9F _ aF __
tions 5 = 7 =0, I = ban = = bl = 0, we have
A * (1 )+ * (Ala)
= —a Cl7 a
" L Lyy
A [ * (1 )+ * :|+|: * (1 )+ * i| (Alb)
= —a a — (0 -a)+ —al,
27 | Lan Loy Lgn Lgy
A A * (1 )+ )L (Alc)
= = — — . c
2 2 L(IH “ La\/a
2 21\ sin® (mma)
Algmo1 = — - . (A2a)
LozH LaV mi
2X 2\ \ sin mma)
Algm = — - (A2b)
’ LotH Loz\/ 2mm
2 21\ sin® (mma)
Ay amy1 = Azam—1 = - _—, (A2c)
LO(H LaV mi
A _ 4 _ 2A 21\ sin 2mma) (A2d)
1,4m+2 =— A2.4m — LO,H Lav mi 5
A 2\ 2\ n 2\ 2\ sin? (mma) (A2¢)
m = - - —_— = _—, €
2Am Lon  Lav Lgy  Lgy mw
2 2 2 2X sin 2mma)
Az amyr = — - +F\—— )| (A2f)
Low  Lav Lgn  Lgy 2mm
2 21\ sin® (nwa)
Agp11=— -, (A3a)
LaH Lav nm
2 22\ sin® (nmwa)
Agp_12 = Agny11 = - _—, (A3b)
Loy Loy nm
2\ 2\ 1\ sin (2nma)
Apr=—\——"—)—F, (A3c)
’ LaH Lav 2nm
A _ A _ 2A 20\ sin(2nmwa) (A3d)
4n,2 — 4p42,1 — LaH Lav 2717[ 5
A 2 2 N 2 2 sin? (na) (A3)
" =— - —_— )| —, e
2 Lyn  Lav Lgn  Lgy nmw

2A 2\ 2A 2\ sin 2nma)
A = — — —_—— | —. A3
ez [(LaH LaV) * (LﬁH LﬁV>:| 2nm (A3D
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sin (4nma)
“ dnm ’
<a n sin (4n7m)> ’
dnm

X. Zhou et al.
When n = m, we have
N dnr + 2A ! " sin (4nma) n 2A
N4n—1 =4dnm — _
4n—1,4n—1 Lon a dn Loy
A dnr + 2\ ! sin (4nma) n 2\
ndn = 4nm -—a—- —-
o Lon dnm Loy
A 2\ 1 sin (4nma) n 2\ sin (4nma)
n n = - - 4 a— ———
dntldntd LaH dnm LaV dnm

sin (4n7m)> . 2X (a 3

+ 22 1 +
—(1-a
Lgn dnm

Lgy

sin (4nma)

dnm )’

]

A 2X 1 sin (4nma) n 2X n sin (4nma)
nt2.4n42 = —a———— |+ —\a+———
dnt2Ant2 Loy dnm Loy dnm
2A sin (4nma) 2A sin (4nma)
+—\1-a-— )+ — a4+ —— ],
Lﬁ[-[ 4nm LﬂV 4nm
2\ sin (4nma)
Agn—14n41 = Adng1dn—1 = — l—a+——
Lon dnm
2A sin (4nma)
+ a-———|
Loy dnm
2\ sin (4nma)
Adpdnyr = Aspioan = — l—-a— ———
LozH dnm
n 2A n sin (4nma)
a - ’
Loy dnm
Agn_1,4n = Adn_14n42 = Adndn—1 = Adnant1 = Adny1,an
= Agnt14n+2 = Adn2.4n—1 = Aany2,4n41 = 0.
Whenn # m
A (22 2\ sin(2n +2m)mwa  sin(2n —2m) wa
WAt T\ Lo Lav Qn +2m) 7 2n —2m) 7
A B 2X 2A sin?(n +m)mwa  sin® (n —m)wa
An=ldm = Loy Loy nm+m)m n—m)m
A _a _ 2) 2X
dn—14m+1 = Adpt14m—1 = Lon Loy

A4n—l,4m+2 = A4n+1,4m - - <

d
d

sin(2n + 2m) wa

2n+2m)m

2
LaH

sin? (n + m)wa

2n-2m)m

2
LC(V

sin?(n — m)ma

n+m)m

n—m)m

sin (2n — 2m) nai|

]

(Ada)

(A4b)

(Adc)

(A4d)

(Ade)

(A4f)

(Adg)

(AS5a)

(ASb)

(A5c¢)

(A5d)
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2\ 2 sif®(n +m)mwa  sin>(n —m) wa
Adgpam—1 = — - - . (ASe)
LaH LaV (n + m) T (I’l - m) T
2 2 sin(2n +2m)ma  sin(2n —2m) ma
A4n 4m = — — P (ASf)
LO(H LaV (2n + 2m) T (211 — 2m) T
2X 2
Adndmil = Adgni24m—1 = Ton  Lov
sin?(n +m)mwa  sin®> (n —m)ma
n+m)rm n—m)m
A _ A o 2x 2\
4n,4dm+2 — A4p42.4m — LaH Lav
sin(2n +2m)mwa sin(2n —2m)mwa (Ah)
@n+2m)w @n—-2m)mw
A _ 2) 2X n 2) 2X
4n+1,4m+1 — LaH LaV Lﬁ[-] LﬂV
sin(2n + 2m) wa B sin(2n — 2m) wa (ASi)
2n+2m)mw 2n —2m)m
a2 = [( ) ()]
4nt1,4m42 = Lin  Lav
o sin?(n +m)mwa  sin®> (n — m)wa ’ (AS))
n+m)m n—m)m
dwsaen == (7020 + (-0
4n42,4m+1 = Lin  Lav
y sin? (n + m) wa B sin? (n — m) wa ’ (ASK)
nm+m)m nm—m)m
dwsan == (7 20)+ (-0
4n+2,4m+2 — LﬂH L/SV
sin(2n +2m)ma  sin(2n —2m)mwa (AS])
2n+2m)w 2n—-2m)m
X1 =60, X2 =600, Xam—1 = Pm> Xam = G Xams1 = Dip» Xami2 = ¢q,,.  (A6)
Bl = B4n71 = B4n = 0’ (A7a)
T > 2A 2\ sin? (nwa)
D B M e (A7)

n=1

A sin (4nma) A sin (4nma) sin? (nwa)
Byyy1 = I l—a+47 +—\a-
BH ni Lgy 4nm n

. . _ .
. Z( A A ) [sm(Zn—i—Zm)na sin (2n 2m)na] sin? (mma)

2n +2m)w 2n —2m)m

m#n L/SH L/SV m
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A A ) |:sin2 (n+m)mwa sin®(n — m)rra] sin 2mma)

. (A7
2m (ATc)

(n+m)mw n—m)mw

__sin (4nna)) . A (a . sin (4nna)>] sin(2nmwa)

A
Biir= | — (1- =
dnt2 |:L;‘3H ( “ dnm LﬂV dnm 2n

A A sin(2n +2m)mwa  sin(2n —2m)mwa | sin(2mma)
Lﬂv m

2n+2m)w 2n+2m)

(A7d)

A A sin(n +m)mwa  sin?>(n —m)mwa sin® (mmwa)
7_L7ﬂv>|: n+mmw n—m)mw ] ’

Appendix B The Simplified Expression of Each Matrix Element

On the assumption of Loy = Lov = Lo, Lgy = Lgy = Lg from the expressions given in
Appendix A, we can easily get

Ay =2 (Bla)
= —, a
n=
Ay =2 4 2 (B1b)
22 — La L'B E)
A=A * (Blc)
= =——. c
12 21 L
Al am—1 = At am = Al amt1 = Al amy2 = Az am—1 = Az am = A2 4m41
= As4mi2 =0. (B2)
Agn—1,1 = Aant = Adnp11 = Aang1 = Agn—12 = Agn2 = Agny12
= Agn22=0. (B3)

When n = m, we have

2A
A4n—l,4n—l = A4n,4n =dnm + — (B4a)
Ly
2A 2\
Asi1an+1 = Adng2,4n42 = — + —, (B4b)
L. ' Lg
2\
Agpn—1,4n41 = Adnstan—1 = Adndnyr = Agnyo.4n = - (B4c)
o
Agp—1.4n = Adn—1.4n42 = Adndan—1 = Adnant1 = Adni 1,40 = Adna14n12
= Agny2,4n—1 = Adgny2,4n41 = 0. (B4d)
When n # m
Agn—1.4m—1 = Adn—1.4m = Asn—1,4m+1 = Asn_1,4m+2 =0, (B5a)
Adpam—1 = Aspam = Adndam+1 = Adpamsez =0, (B5b)

Agns14m—1 = Adns14m = Adni1,4m+1 = Adns,4my2 =0, (B5¢c)
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Agni2,4m-1 = Adny2.4m = Adnr2.4m+1 = Adny amr2 = 0. (B54d)
By = By—1 = By, =0, (B6a)
B =T (B6b)
= ——a’
)
A sin® (nwa)
Byyy = ——, (B6c)
Lﬂ n
B A sin(2nwa) (B6d)
4n+2 — Lﬂ 0 .
Thus, the mathematical structure AX = B can be simplified to the following equations
sets:
2% (G0 —8) =0
L. o — o) =
(B7)
P S WA 7
Lo " \Ly " L) " Ly 2
2 /
— +dan ) p, — pn=0
2, 2 24\, sin(nra) (n=12,..) (B8)
L\, T )T L,
2\ +4 2x 0
e n n— 7 Y4n—
L. 1.9
n=(1,2,...) (B9)
2A 2A n 20N, _ A sin(2nwa)
L T\L, "Ly )T L, 2n




