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A simplified model of the nanostructured polymeric surface was proposed, character-
ized by a one-dimensional periodic stripe patterned surface with alternate planar and
homeotropic anchoring. We investigate the effect of both the coupling of nematic liq-
uid crystals with alignment layer polymers and the coupling of the polymers with the
substrate surface on the anchoring of nematic liquid crystals at such a surface using
the extended anisotropic surface energy form proposed by Alexe-Ionescu et al. In our
theoretical treatment, we assume the equal anchoring strength of the two anchoring
regions. Our results show that the coupling of the polymer with the surface will affect
the director field of the nematic, and reduce the relaxation distance as well as the total
free energy of the system.

Keywords Director distribution; nanostructured surface; pretilt angle; surface
anchoring

Introduction

In liquid crystals (LCs), surface effects have been studied mainly for the nematic phase
[1]. The translational symmetry and often the rotational symmetry of the nematic phase
are broken when it encounters an interface [2]. In the absence of an external electric or
magnetic field (field free condition), the alignment of nematic liquid crystals (NLCs) is
entirely dictated by the surface forces, which depends on the presence of surface layers
[3]. In the special case where the surface layer is an ordered medium particular effects
are expected, because in addition to the physicochemical interactions, the steric interaction
also has to be taken into account [4–6]. If the surface layer is polymeric film, the LC
molecules are aligned by the sterical interactions between the polymer molecules with the
LC molecules [7].

Recently, the nanostructured polymeric layers proposed by Hoi-Sing Kwok et al. seem
very promising for application in display technology because they allow a continuous
control of the pretilt angle of NLCs [8–10]. The basic idea of the new alignment layer is
to form a random distribution of nanosize domains of homogeneous and vertical alignment
materials that impart either vertical (V) or horizontal (H) alignment to the LC molecules.
Provided that these domains are small, the LC molecules will relax to a uniform pretilt angle

∗Address correspondence to Zhidong Zhang, Department of Physics, Hebei University of Tech-
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86 X. Zhou et al.

at a short distance above the alignment layer, and this distance is defined as the relaxation
distance. It has been shown that such surfaces can have excellent anchoring energies as well
as good thermal stability. With the availability of large pretilt angles, many fast response
and bistable structures become possible [10,11].

Hoi-Sing Kwok et al. have calculated the director field of an NLC with a one-
dimensional (1D) inhomogeneous nanostructured polymeric surface model numerically
[9,10], based on the commonly used phenomenological surface anchoring form proposed
by Rapini-Papoular (RP) [12]. Their results show that the final pretilt angle depends on the
area ratio of the V and H domains, the relative anchoring strengths of the domains as well
as the elastic constants of the LC. In addition, the relaxation distance is determined by the
size of nanodomains.

Alexe-Ionescu et al. [13] have investigated the anchoring of a polymeric layer consisting
of mixed H (mesogenic side groups) and V (aliphatic chains) alignment materials for an
NLC sample with homogeneous substrate. They have assumed an extended expression of
the anisotropic surface energy for this special surface by considering both the coupling of
nematic with alignment layer polymers and the coupling of the polymers with the surface.
Their results show that the equivalent anchoring energy can be controlled by controlling the
anchoring strength of H and V alignment materials. However, their homogeneous surface is
different from the nanostructured model of Hoi-Sing Kwok et al., moreover, their method
of polymers blends and co-polymers (mixing H and V alignment materials together) as the
alignment layer cannot realize the continuous control of the pretilt angle experimentally.

Nematic samples in contact with 1D periodic patterned surfaces with alternate planar
and homeotropic stripes, which are similar to the 1D nanostructured model of Hoi-Sing
Kwok et al. [9,10], have received much theoretical [14–16] and experimental attention
[17,18]. Atherton et al. [14] have investigated the orientational transition in an NLC with
such a surface, in order to get the analytic solutions of the director distribution, they have
proposed a Fourier series solution of the director field and assumed the equal anchoring
strength of the two regions. Their theoretical results can explain the numerical results of
Hoi-Sing Kwok et al. [9,10] in a sense of the RP description of the surface anchoring. How-
ever, neither Atherton’s nor Hoi-Sing Kwok’s study have taken into account the coupling
of the polymer with the surface.

In this paper, extending the work of Atherton et al. [14], we investigate the anchoring
of an NLC with nanostructured polymeric layers. In our theoretical treatment, we adopt the
similar assumption as that used by Atherton et al., i.e., the anchoring strength of the two
regions are equal to get the analytic solutions of the director distribution. Then, we analyze
the effect of the coupling of the polymer with the surface on NLCs.

Model

Considering a nanostructured surface consisting of regular V and H alignment domains
with a common preferred azimuthal direction φ, we set up a simplified model of this
nanostructured surface characterized by a periodic stripe pattern of period λ along the
x-axis, with V domain width aλ (0 < a < 1) (see Fig. 1). We choose the z-axis normal
to the surface and the y-axis along the stripes. The anchoring on the stripe 0 ≤ x < aλ

is homeotropic, whereas the anchoring on the stripe aλ ≤ x < λ is homogeneous planar
along the x direction. Due to the translational invariance in the y direction, the director �n
depends only on x and z. Moreover, we assume that the director is confined to the x − z
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Polymer Anchoring of Nematic Liquid Crystals 87

Figure 1. Schematic picture of the model. A periodically patterned surface with period λ. The V
domain width aλ (thin line), and H domain width (1 − a)λ (thick line). The director �n is confined to
the x − z plane.

plane (assuming the azimuthal φ alignment to be //x), thus, �n can be written as

�n = (cos θ, 0, sin θ ) , (1)

where θ = θ (x, z).
The final configuration of the namatic is that which minimizes the total free energy

including bulk and surface contributions. The bulk energy density is the well-known Frank
elastic energy

fb = 1

2

[
K1 (∇ · �n)2 + K2 (�n · ∇ × �n)2 + K3 (�n × ∇ × �n)2]

, (2)

where K1,K2,K3 are the elastic constants associated with splay, twist, and bend distortions,
respectively. The surface-like term Ks ≡ K2 +K24 is omitted here as it does not contribute
to the free energy if the director is confined to a single plane. Another surface-like term
involving K13 is not considered here [19].

The extended anisotropic surface energy density of samples with polymer layers is
given by

fsH = 1

2
αH sin(θ 0 − θp)2 + 1

2
βH sin(θp − θe)2 (3a)

for the H domains, and

fsV = 1

2
αV sin(θ 0 − θp)2 + 1

2
βV sin(θp − θe)2 (3b)

for the V domains, where θp and θe are the direction and easy direction of the polymeric
alignment materials, respectively, and θ 0 is the orientation of the director at the surface.
The parameters βH , βV are connected with the restoring torque of elastic origin acting on
the H and V alignment materials, respectively. The parameters αH , αV take into account
the tendency of the nematic molecules to be parallel, for steric reasons, to the H and V
alignment materials, respectively.
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88 X. Zhou et al.

To evaluate the free energy, both coordinates are scaled by the period of the nan-
odomains λ, i.e., x̃ = x

λ
, z̃ = z

λ
. For most nematics K2 < K1 ≤ K3 [20,21] we, therefore,

make the simplification that K1 = K3 = K . Thus, the bulk free energy density is

fb/K = 1

2
[(θ,x̃)2 + (θ,z̃)

2]/λ2, (4)

where θ,x̃ = ∂θ/∂x̃, θ,z̃ = ∂θ/∂z̃. The Euler-Lagrange equation is

θ,x̃x̃ + θ,z̃z̃ = 0, (5)

which has a Fourier series solution that is regular as z → ∞

θ (x̃, z̃) = θ0 + 2
∞∑

n=1

exp (−2nπz̃) [pn sin (2nπx̃) + qn cos (2nπx̃)] . (6)

The coefficients θ0, pn, and qn are to be determined from the total elastic energy
minimization, and θ0 is the final pretilt angle. Substituting Eq. (6) into (4) and integrating
over x̃ and z̃ yields the bulk free energy per period

Fb/k = 2π

∞∑
n=1

n
(
p2

n + q2
n

)
. (7)

In the case (θ 0 − θp) and (θp − θe) are very small, where Eqs. (3a) and (3b) can be
linearized, thus, the surface energy per period is

Fs/K =
∫ a

0

[
λ

2LαV

[
θ0 (x̃) − θp (x̃)

]2 + λ

2LβV

[
θp (x̃) − θe (x̃)

]2
]

dx̃

+
∫ 1

a

[
λ

2LαH

[
θ0 (x̃) − θp (x̃)

]2 + λ

2LβH

[
θp (x̃) − θe (x̃)

]2
]

dx̃, (8)

where LαV = K/αV , LβV = K/βV , LαH = K/αH , LβH = K/βH , which have the dimen-
sion of length and can be defined as the generalized extrapolation lengths for the two
domains.

Results

According to the nanostructured surface model above (see Fig. 1), we have

θe (x̃) = θe (x̃ + L) =
{ π

2
0 ≤ x̃ < a

0 a ≤ x̃ < 1
, (9)

with L being an arbitrary integer. The periodic function θe (x) can be approximately written
as Fourier series form, that is

θe (x̃) = π

2
a + 2

∞∑
n=1

[
sin2 (nπa)

2n
sin (2nπx̃) + sin (2nπa)

4n
cos (2nπx̃)

]
. (10)
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Polymer Anchoring of Nematic Liquid Crystals 89

As θp and θ are also periodic functions along x direction, we can assume

θp (x̃) = θ0
′ + 2

∞∑
n=1

[
pn

′ sin (2nπx̃) + qn
′ cos (2nπx̃)

]
, (11)

θ 0 (x̃) = θ (x̃, 0) = θ0 + 2
∞∑

n=1

[pn sin (2nπx̃) + qn cos (2nπx̃)]. (12)

Substituting Eqs. (10)–(12) into Eq. (8) and integrating, and then combined with the
bulk free energy given by Eq. (7), we can get the expression of the total free energy per
period F (θ0, θ

′
0, pn, qn, p

′
n, q

′
n; n = 1, 2, 3 . . .).

The coefficients θ0, θ ′
0, qn, pn and p′

n, q ′
n have to minimize the function F , that is,

∂F
∂θ0

= ∂F
∂θ ′

0
= 0, ∂F

∂pn
= ∂F

∂qn
= ∂F

∂p′
n

= ∂F
∂q ′

n
= 0. These relations constitute a system of linear

inhomogeneous equations, which can be written as Matrix-vector form

AX = B, (13)

where the matrix A and vectors X, B are expressed as

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 · · · A1,4m−1 A1,4m A1,4m+1 A1,4m+2 · · ·
A21 A22 · · · A2,4m−1 A2,4m A2,4m+1 A2,4m+2 · · ·

...
...

...
...

...
...

...
...

A4n−1,1 A4n−1,2 · · · A4n−1,4m−1 A4n−1,4m A4n−1,4m+1 A4n−1,4m+2 · · ·
A4n,1 A4n,2 · · · A4n,4m−1 A4n,4m A4n,4m+1 A4n,4m+2 · · ·

A4n+1,1 A4n+1,2 · · · A4n+1,4m−1 A4n+1,4m A4n+1,4m+1 A4n+1,4m+2 · · ·
A4n+2,1 A4n+2,2 · · · A4n+2,4m−1 A4n+2,4m A4n+2,4m+1 A4n+2,4m+2 · · ·

...
...

...
...

...
...

...
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(n,m = 1, 2, . . .), (14)

X = [
X1 X2 · · · X4m−1 X4m X4m+1 X4m+2 · · · ]T

(m = 1, 2, . . .) , (15)

B = [
B1 B2 · · · B4n−1 B4n B4n+1 B4n+2 · · · ]T

(n = 1, 2, . . .) . (16)

Each matrix element of A, X, and B is given in Appendix A.
The expressions given in Appendix A show that the coefficients θ0, θ ′

0, qn, pn and
p′

n, q ′
n are determined by the parameters a and LαH , LβH , LαV , LβV (αH , βH , αV , βV ).

Equation (6) gives that the final pretilt angle is θ0, meaning that besides the area ratio of
V and H domains, and the coupling of the nematic with the polymer (a, αH , αV ), which
have been verified theoretically and experimentally by Hoi-Sing Kwok et al. [8–10], the
coupling of the polymer with the surface (βH , βV ) also has important contribution to the
final pretilt angle. We should notice that the effect of the relative elastic constants does not
exist here, that is because we have assumed K1 = K3 = K .

In order to analyze the effect of the polymer anchoring further, following the treatment
method of Atherton et al. [14], we assume LαH = LαV = Lα , LβH = LβV = Lβ , i.e.,
αH = αV = α, βH = βV = β, and then the mathematical structure given by Eq. (13) can
be simplified, the details are given in Appendix B. Equations (B7–B9) give the analytical
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90 X. Zhou et al.

expression of each coefficient

θ0 = θ0
′ = πa

2
, (17)

pn = 1

1 + 2nπLe/λ

sin2 (nπa)

2n
, (18)

qn = 1

1 + 2nπLe/λ

sin (2nπa)

4n
, (19)

pn
′ = 1 + 2nπLα/λ

1 + 2nπLe/λ

sin2 (nπa)

2n
, (20)

qn
′ = 1 + 2nπLα/λ

1 + 2nπLe/λ

sin (2nπa)

4n
, (21)

where we have put Le = Lα+Lβ , defining Le = K/we and combining it with the definition
of Lα and Lβ , i.e., Lα = K/α, Lβ = K/β, we can easily get

1

we

= 1

α
+ 1

β
. (22)

Comparing Eqs. (18)–(19) with the results given by Atherton et al. [14], i.e.

pn = 1

1 + 2nπLα/λ

sin2 (nπa)

2n
, (23)

qn = 1

1 + 2nπLα/λ

sin (2nπa)

4n
, (24)

we find that, in the consideration of the coupling of the polymer with the surface, we get an
equivalent anchoring energy [see Eq. (22)], which is consistent with that of Alexe-Ionescu
et al. [13].

Substituting Eqs. (18)–(19) into Eq. (6), we get

θ (x̃, z̃) = πa

2
+ 2

∞∑
n=1

exp (−2nπz̃)
1

1 + 2nπLe/λ

×
[

sin2 (nπa)

2n
sin (2nπx̃) + sin (2nπa)

4n
cos (2nπx̃)

]
. (25)

Equation (25) shows that the coupling of the polymer with the surface affects the tilt
angle distribution of the nematic director.

In addition, Eqs. (18)–(21) give the total free energy per period

F = πK

∞∑
n=1

sin2 (nπa)

2n

1

1 + 2nπLe/λ
, (26)

and the associated total free energy density

F/λ = πK

∞∑
n=1

sin2 (nπa)

2n

1

λ + 2nπLe

. (27)
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Polymer Anchoring of Nematic Liquid Crystals 91

Figure 2. Tilt angle of the nematic director at a certain distance of z as a function of x. We show our
present result and that reported in Ref. [14]. (a) z = 0; (b) z = 0.2λ.

Equations (25) and (27) may be used to evaluate the tilt angle of the nematic director
and the total free energy density of the system, respectively.

To see the effect of the coupling of the polymer with the surface clearly, we now discuss
our result in comparison with that of Atherton et al. [14] by using numerical calculations,
with the parameters as follows K = 1.2 × 10−11N , λ = 0.1um, and a = 0.5.

We plot the x dependence of the tilt angle θ at a certain distance of z for various β/α

with α = 10−4Jm−2 in Fig. 2, which shows our present result and that reported in Ref.
[14]. It is clear that the coupling of the polymer with the surface affects the tilt angle of
the nematic director. As the anchoring parameter β increasing, our result tends to that of
Atherton et al. [14], which is reasonable. In addition, from Fig. 2, we can conclude that the
coupling of the polymer with the surface will reduce the relaxation distance.

The total free energy density of the system F/λ is plotted in Fig. 3 as a function of α

for several values of β. We find that the coupling of the polymer with the surface reduces

Figure 3. The α dependence of the total free energy density F/λ for various β. We show the present
theoretical result and that reported in Ref. [14].
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92 X. Zhou et al.

the total free energy of the system. As the anchoring parameter β increasing, our result
tends to that of Atherton et al. [14].

Conclusions

In this work, extending the work of Atherton et al., we have set up a simplified model of the
nanostructured polymeric surface, characterized by a 1D periodic stripe patterned surface
with alternate planar and homeotropic anchoring, and investigated the effect of both the
coupling of nematic with alignment layer polymers and the coupling of the polymers with
the substrate surface on the anchoring of an NLC at such a surface. Our results confirm the
results reported by Hoi-Sing Kwok et al. [8–10]. By assuming the equal anchoring strength
of the two regions and comparing with the results of Atherton et al. [14], we get the same
equivalent anchoring energy we [Eq. (22)] to that reported by Alexe-Ionescu et al. [13]. In
addition, we find that the coupling of the polymer with the surface will affect the director
field of the nematic, and reduce the relaxation distance as well as the total free energy of
the system.
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Polymer Anchoring of Nematic Liquid Crystals 93

Appendix A: The Expression of Each Matrix Element

From the calculated total free energy F
(
θ0, θ

′
0, pn, qn, p

′
n, q

′
n; n = 1, 2, 3 · · ·) and the rela-

tions ∂F
∂θ0

= ∂F
∂θ ′

0
= 0, ∂F

∂pn
= ∂F

∂qn
= ∂F

∂p′
n

= ∂F
∂q ′

n
= 0, we have

A11 = λ

LαH

(1 − a) + λ

LαV

a, (A1a)

A22 =
[

λ

LαH

(1 − a) + λ

LαV

a

]
+

[
λ

LβH

(1 − a) + λ

LβV

a

]
, (A1b)

A12 = A21 = −
[

λ

LαH

(1 − a) + λ

LαV

a

]
. (A1c)

A1,4m−1 = −
(

2λ

LαH

− 2λ

LαV

)
sin2 (mπa)

mπ
, (A2a)

A1,4m = −
(

2λ

LαH

− 2λ

LαV

)
sin (2mπa)

2mπ
, (A2b)

A1,4m+1 = A2,4m−1 =
(

2λ

LαH

− 2λ

LαV

)
sin2 (mπa)

mπ
, (A2c)

A1,4m+2 = A2,4m =
(

2λ

LαH

− 2λ

LαV

)
sin (2mπa)

2mπ
, (A2d)

A2,4m+1 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]
sin2 (mπa)

mπ
, (A2e)

A2,4m+2 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]
sin (2mπa)

2mπ
. (A2f)

A4n−1,1 = −
(

2λ

LαH

− 2λ

LαV

)
sin2 (nπa)

nπ
, (A3a)

A4n−1,2 = A4n+1,1 =
(

2λ

LαH

− 2λ

LαV

)
sin2 (nπa)

nπ
, (A3b)

A4n,1 = −
(

2λ

LαH

− 2λ

LαV

)
sin (2nπa)

2nπ
, (A3c)

A4n,2 = A4n+2,1 =
(

2λ

LαH

− 2λ

LαV

)
sin (2nπa)

2nπ
, (A3d)

A4n+1,2 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]
sin2 (nπa)

nπ
, (A3e)

A4n+2,2 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]
sin (2nπa)

2nπ
. (A3f)
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When n = m, we have

A4n−1,4n−1 = 4nπ + 2λ

LαH

(
1 − a + sin (4nπa)

4nπ

)
+ 2λ

LαV

(
a − sin (4nπa)

4nπ

)
, (A4a)

A4n,4n = 4nπ + 2λ

LαH

(
1 − a − sin (4nπa)

4nπ

)
+ 2λ

LαV

(
a + sin (4nπa)

4nπ

)
, (A4b)

A4n+1,4n+1 = 2λ

LαH

(
1 − a + sin (4nπa)

4nπ

)
+ 2λ

LαV

(
a − sin (4nπa)

4nπ

)

+ 2λ

LβH

(
1 − a + sin (4nπa)

4nπ

)
+ 2λ

LβV

(
a − sin (4nπa)

4nπ

)
, (A4c)

A4n+2,4n+2 = 2λ

LαH

(
1 − a − sin (4nπa)

4nπ

)
+ 2λ

LαV

(
a + sin (4nπa)

4nπ

)

+ 2λ

LβH

(
1 − a − sin (4nπa)

4nπ

)
+ 2λ

LβV

(
a + sin (4nπa)

4nπ

)
, (A4d)

A4n−1,4n+1 = A4n+1,4n−1 = −
[

2λ

LαH

(
1 − a + sin (4nπa)

4nπ

)

+ 2λ

LαV

(
a − sin (4nπa)

4nπ

)]
, (A4e)

A4n,4n+2 = A4n+2,4n = −
[

2λ

LαH

(
1 − a − sin (4nπa)

4nπ

)

+ 2λ

LαV

(
a + sin (4nπa)

4nπ

)]
, (A4f)

A4n−1,4n = A4n−1,4n+2 = A4n,4n−1 = A4n,4n+1 = A4n+1,4n

= A4n+1,4n+2 = A4n+2,4n−1 = A4n+2,4n+1 = 0. (A4g)

When n 	= m

A4n−1,4m−1 =
(

2λ

LαH

− 2λ

LαV

) [
sin (2n + 2m) πa

(2n + 2m) π
− sin (2n − 2m) πa

(2n − 2m) π

]
, (A5a)

A4n−1,4m = −
(

2λ

LαH

− 2λ

LαV

) [
sin2 (n + m) πa

(n + m) π
+ sin2 (n − m) πa

(n − m) π

]
, (A5b)

A4n−1,4m+1 = A4n+1,4m−1 = −
(

2λ

LαH

− 2λ

LαV

)

×
[

sin (2n + 2m) πa

(2n + 2m) π
− sin (2n − 2m) πa

(2n − 2m) π

]
, (A5c)

A4n−1,4m+2 = A4n+1,4m = −
(

2λ

LαH

− 2λ

LαV

)

×
[

sin2 (n + m) πa

(n + m) π
+ sin2 (n − m) πa

(n − m) π

]
, (A5d)
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A4n,4m−1 = −
(

2λ

LαH

− 2λ

LαV

) [
sin2 (n + m) πa

(n + m) π
− sin2 (n − m) πa

(n − m) π

]
, (A5e)

A4n,4m = −
(

2λ

LαH

− 2λ

LαV

) [
sin (2n + 2m) πa

(2n + 2m) π
+ sin (2n − 2m) πa

(2n − 2m) π

]
, (A5f)

A4n,4m+1 = A4n+2,4m−1 =
(

2λ

LαH

− 2λ

LαV

)

×
[

sin2 (n + m) πa

(n + m) π
− sin2 (n − m) πa

(n − m) π

]
, (A5g)

A4n,4m+2 = A4n+2,4m =
(

2λ

LαH

− 2λ

LαV

)

×
[

sin (2n + 2m) πa

(2n + 2m) π
+ sin (2n − 2m) πa

(2n − 2m) π

]
, (A5h)

A4n+1,4m+1 =
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]

×
[

sin (2n + 2m) πa

(2n + 2m) π
− sin (2n − 2m) πa

(2n − 2m) π

]
, (A5i)

A4n+1,4m+2 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]

×
[

sin2 (n + m) πa

(n + m) π
+ sin2 (n − m) πa

(n − m) π

]
, (A5j)

A4n+2,4m+1 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]

×
[

sin2 (n + m) πa

(n + m) π
− sin2 (n − m) πa

(n − m) π

]
, (A5k)

A4n+2,4m+2 = −
[(

2λ

LαH

− 2λ

LαV

)
+

(
2λ

LβH

− 2λ

LβV

)]

×
[

sin (2n + 2m) πa

(2n + 2m) π
+ sin (2n − 2m) πa

(2n − 2m) π

]
. (A5l)

X1 = θ0, X2 = θ ′
0, X4m−1 = pm,X4m = qm,X4m+1 = p′

m,X4m+2 = q ′
m. (A6)

(A7a)

(A7b)

B1 = B4n−1 = B4n = 0,

B2 =
[

λ

LβH

(1 − a) + λ

LβV

a

]
· π

2
a −

∞∑
n=1

(
2λ

LβH

− 2λ

LβV

)
sin2 (nπa)

n2π
,

B4n+1 =
[

λ

LβH

(
1 − a + sin (4nπa)

4nπ

)
+ λ

LβV

(
a − sin (4nπa)

4nπ

)]
sin2 (nπa)

n

+
∑
m 	=n

(
λ

LβH

− λ

LβV

)[
sin (2n + 2m) πa

(2n + 2m) π
− sin (2n − 2m) πa

(2n − 2m) π

]
sin2 (mπa)

m
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96 X. Zhou et al.

−
∑
m 	=n

(
λ

LβH

− λ

LβV

)[
sin2 (n + m) πa

(n + m) π
+ sin2 (n − m) πa

(n − m) π

]
sin (2mπa)

2m
,

B4n+2 =
[

λ

LβH

(
1 − a − sin (4nπa)

4nπ

)
+ λ

LβV

(
a + sin (4nπa)

4nπ

)]
sin (2nπa)

2n

−
∑
m 	=n

(
λ

LβH

− λ

LβV

)[
sin (2n + 2m) πa

(2n + 2m) π
+ sin (2n − 2m) πa

(2n+̄2m) π

]
sin (2mπa)

m

−
∑
m 	=n

(
λ

LβH

− λ

LβV

)[
sin2 (n + m) πa

(n + m) π
− sin2 (n − m) πa

(n − m) π

]
sin2 (mπa)

m
.

(A7c)

(A7d)

Appendix B The Simplified Expression of Each Matrix Element

On the assumption of LαH = LαV = Lα , LβH = LβV = Lβ from the expressions given in
Appendix A, we can easily get

A11 = λ

Lα

, (B1a)

A22 = λ

Lα

+ λ

Lβ

, (B1b)

A12 = A21 = − λ

Lα

. (B1c)

A1,4m−1 = A1,4m = A1,4m+1 = A1,4m+2 = A2,4m−1 = A2,4m = A2,4m+1

= A2,4m+2 = 0. (B2)

A4n−1,1 = A4n,1 = A4n+1,1 = A4n+2,1 = A4n−1,2 = A4n,2 = A4n+1,2

= A4n+2,2 = 0. (B3)

When n = m, we have

A4n−1,4n−1 = A4n,4n = 4nπ + 2λ

Lα

, (B4a)

A4n+1,4n+1 = A4n+2,4n+2 = 2λ

Lα

+ 2λ

Lβ

, (B4b)

A4n−1,4n+1 = A4n+1,4n−1 = A4n,4n+2 = A4n+2,4n = − 2λ

Lα

, (B4c)

A4n−1,4n = A4n−1,4n+2 = A4n,4n−1 = A4n,4n+1 = A4n+1,4n = A4n+1,4n+2

= A4n+2,4n−1 = A4n+2,4n+1 = 0. (B4d)

When n 	= m

A4n−1,4m−1 = A4n−1,4m = A4n−1,4m+1 = A4n−1,4m+2 = 0, (B5a)

A4n,4m−1 = A4n,4m = A4n,4m+1 = A4n,4m+2 = 0, (B5b)

A4n+1,4m−1 = A4n+1,4m = A4n+1,4m+1 = A4n+1,4m+2 = 0, (B5c)
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A4n+2,4m−1 = A4n+2,4m = A4n+2,4m+1 = A4n+,4m+2 = 0. (B5d)

B1 = B4n−1 = B4n = 0, (B6a)

B2 = λ

Lβ

π

2
a, (B6b)

B4n+1 = λ

Lβ

sin2 (nπa)

n
, (B6c)

B4n+2 = λ

Lβ

sin (2nπa)

2n
. (B6d)

Thus, the mathematical structure AX = B can be simplified to the following equations
sets: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

2λ

Lα

(
θ0 − θ0

′) = 0

− λ

Lα

θ0 +
(

λ

Lα

+ λ

Lβ

)
θ0
′ = λ

Lβ

πa

2

(B7)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
2λ

Lα

+ 4πn

)
pn − 2λ

Lα

pn
′ = 0

− 2λ

Lα

pn +
(

2λ

Lα

+ 2λ

Lβ

)
pn

′ = λ

Lβ

sin2 (nπa)

n

(n = 1, 2, . . .) (B8)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
2λ

Lα

+ 4πn

)
qn − 2λ

Lα

qn
′ = 0

− 2λ

Lα

qn +
(

2λ

Lα

+ 2λ

Lβ

)
qn

′ = λ

Lβ

sin (2nπa)

2n

n = (1, 2, . . .) (B9)
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